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Abst rac t - -The  objective of this paper is to show how a single spreadsheet program can be used for 
solving a three-dimensional transient heat conduction problem. Multiple sheets are used to move from 
one time level to another, and a finite-difference method which fits well into the setup of spreadsheet 
is used to find the numerical solution. The program allows the use of any number of grid points and 
any initial temperature distribution. Because of their convenient features, 3-D spreadsheet programs 
are useful for modeling many physical phenomena. 
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NOMENCLATURE 
List of Pr incipal  Variables used in the Spreadsheet Program Shown in Figure 1 
TPP,  TP, TPN ~- name of the range containing the values of T(ih, jh ,  (k - 1)h), 
T(ih, jh,  kh), and T(ih, jh,  (k + 1)h) at the previous time step 
DT =l  
DX,  DY, DZ = h 
X ,Y ,Z  =x,y ,z  
T = t = time 
LD =A 
I, J, K, M, N, NN = indices (integers) 
G(x, y, z) = g(x, y, z) = initial temperature distribution 
A=a 
TX = largest value of t to be considered 
1. INTRODUCTION 
Transient heat conduction problems in three dimensions represent a class of problem of great 
importance in many fields of engineering and science. Heat conduction problems confront inves- 
tigators in nearly every branch of engineering. Examples of such problems include the annealing 
of castings, burning of bricks, and the heating or cooling of slabs and furnace wall sections. 
The author wishes to acknowledge the support of King Fahd University of Petroleum & Minerals, Dhahran, Saudi 
Arabia. Thanks are extended to the reviewers of this paper whose comments were most helpful. 
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In [I], Kharab used a spreadsheet program for the numerical solution of a two-dimensional heat 
conduction problem. In this paper, the spreadsheet capabilities tocarry out the solution of a 
three-dimensional heat conduction problem are demonstrated hrough the use of a single macro 
program. Multiple layer worksheets are used to perform the numerical solution of the problem 
based on an explicit method. The macro program can be run by pressing a single key and allows 
the use of any number of grid points. 
There has been much interest recently inthe use of spreadsheets in engineering and science. 
However, most of the spreadsheet applications were limited to the solution of problems inone- 
or two-dimensional spaces. In [2], O'Neal describes the use of a spreadsheet forthe numerical 
solution of a one-dimensional tr nsient heat conduction problem using an implicit and explicit 
method. A method for using spreadsheets to perform a numerical nalysis of steady-state conduc- 
tion is presented byEid [3]. In engineering, they have been used for analyzing logical networks [4] 
and solving differential equations [5]. In [6], Davies describes the spreadsheet solutions of one- 
dimensional heat conduction a d vibrating strings problems using a finite-difference m thod. 
Spreadsheets are gaining increasing popularity inengineering and science. Among their ad- 
vantages are on screen umerical nd visual feedback, fast calculations, and simple graphics. 
Other advantages of preadsheet modeling is direct ]inlmge of the graphical results to the input 
parameters. User can try different values for parameters and see very quickly the results of their 
changes inthe graphs ("what-if" calculations). The programming is streamlined, and less time 
is needed to enter or modify the necessary code. They include amultitude offunctions and tools 
that facilitate sophisticated mathematical analysis, advanced spreadsheet programs, and data 
handling. 
2. FORMULATION OF THE PROBLEM 
The differential equation describing transient heat conduction i  a cubic region R filled with 
an isotropic medium of constant thermal conductivity and volumetric heat capacity is (see [7] for 
details) 
OT cq2T cq2T 02T 
8--i = 
+-~V2 + Oz2, i nR  {(x,v,z)[O<_x,v,z<_a},  O<t<Tmax,  (1) 
Ox 2 
where the time scale has been normalized to include the thermal diffusivity. Here T, t, and x, y, z 
are, respectively, the dimensionless temperature, time, and coordinates. 
Equation (1) is subject o the initial and boundary conditions 
T=g(x ,y ,z ) ,  at t=0,  0<x,y ,z<a,  (2) 
T = 0 on the boundaries of the region R. (3) 
These boundary conditions are not as restrictive as they might at first appear. Likewise, in 
any problem for which the temperature is specified independent of time, along the boundaries of 
the region, a change of dependent variable to 
T(x, Y, z, t) - Tsteady (X, y, z), 
s ta te  
will reduce the boundary conditions to the form of equation (3). 
3. THE D IFFERENCE EQUATION 
There are many finite-difference approximations to equation (1), but the one which is very well 
suited to a spreadsheet is the explicit method because it involves a simple algorithm. For the 
three-dimensional c se, the only restriction is that 
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F igure  1. Spreadsheet  P rogram.  
to ensure the stability of the numerical process. However, with the increase in speed, and memory 
size of powerful personal computers, this condition should not cause any problem. 
To develop an explicit method, we consider a cubic mesh of spacing h on the cubic region R 
with h = a/M. Let l be the step size in the time direction such that  t~ - nl, n = O, 1 , . . . ,  N, 
where l = Tm~×/N. The nodal points are defined by 
x i= ih ,  yj = jh ,  zk =kh,  O<i , j , k<_M,  
where i, j ,  k, and M are integers and the temperature value T(x,y ,  z,t) at the nodal points 
(/, j, k, n) is denoted by T~j,k. 
The explicit form that  approximates the governing equation (1) at the (n + 1) th time-level is 
(see [8] for more details) 
Ti n+l (1- -6)k)T~, j ,k -~-)k(  i- l , j ,& -~- i+l,j,k -}- i , j - l , k  -~- i , j+l,k -~- i , j ,k-1 ~- i , j ,k+l) ,j,k = Tn  Tn  Tn  Tn  Tn  Tn  , (5) 
i , j , k= l ,2 , . . . ,M-1 ,  n=O,  1 , . . . ,N ,  
with T~'~j,k = T(xi,  yj, zk, t,~). Here A represents the mesh ratio and is defined by 
At  At  At  l 
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F igure  1 .  (cont . )  
From (4) ,  we  conc lude  that  the  numer ica l  p rocess  i s  s tab le  i f  A _~ 1 /6 .  
The  in i t ia l  and  boundary  cond i t ions  are  g iven  by  
7~,~,k = g(x, y, z), i, j, k = O, 1 , . . . ,  M, (6 )  
T~,j,~ = T n - -  T n = T n = T n = T n 
i ,M ,k  - -  i , j ,M  O, j ,k  i ,O,k i, j ,O = 0,  (7 )  
i , j , k=O,  1 . . . .  ,M,  n= l ,2 , . . . ,N .  
S ince  the  temperature  a t  each  t ime-s tep  i s  obta ined  in  te rms o f  temperatures  in  the  prev ious  
s tep ,  equat ions  (5 ) - (7 )  p rov ide  an  exp l i c i t  mode l  fo r  t rans ient  heat  conduct ion  in  a cube .  Whi le  
the  deta i led  t reatment  o f  e r ror  i s  beyond the  scope  o f  th i s  paper ,  i t  can  be  shown that  the  
d i f fe rence  scheme (5)  has  the  order  o f  accuracy  O(l + h2) .  
4. SPREADSHEET DESCRIPT ION 
4.1. 1-2 -3  Macro Program 
Finite-difference methods fit well into the setup of spreadsheets since the nodes in the finite- 
difference analysis can be represented byspecific ells in the worksheet. The spreadsheet setup 
for our model problem uses a single I-2-3 macro program given in Figure 1. The computational 
molecule of the main difference equation (5) is shown in Figure 2. Actually the model problem 
we are solving is a four-dimensional problem in space and time. 
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Figure 2. Computational molecule of equation (5). 
The 1-2-3 macro program uses multiple sheets, where each one which contains the solution of 
one time level t~. That  is, Sheet B contains the solution at t = 0, Sheet C contains the solution 
at t = l, and so on. The time steps are set by the Loop 2 in the macro. The command contained 
in cell ID19 of the macro inserts the number of sheets required for the solution. This number 
is given by NN + 1, which is equal to the number of time steps. As shown in Figure 2, each 
sheet is divided into ranges of equal size containing the solution at the space step z~ which is set 
by the Loop 2A in the macro. Loops 2B and 2C are used to compute the current temperature 
,-/-,n + 1 distribution ~'i,~,~- These command are included in the cells IH86 to IH94 in the macro. Since 
the temperature at each time-step is obtained in terms of temperatures in the previous sheet, 
Tn+l three ranges, namely TPP, TP, and TPN, are defined at each step z~ in order to compute .  ~,j,~ 
from equation (5). T~_i,j,k, T/~,j,~, T~+l,j,k, T~j_l, ~, and T~n,~+l,~ take their values from Range TP, 
whereas T~,j,~_ 1 and T/n,j,~+l take their values from Range TPP  and TPN, respectively. At the 
end of the step z~, the Ranges TPP, TP, and TPN are moved one range down (see Figure 3) 
in order to compute the values of the temperature at the next space step z~+l. The program 
terminates when t n = TX.  
4.2. Data  
The parameters needed to run the 1-2-3 macro are N, a, TX ,  DT, and g(x, y, z), contained in 
cells A2, B2, C2, D2, and G2, respectively, as shown in Figure 4. The user enter them by moving 
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Figure 3. Position of the Ranges TPP,  TP, and TPN at z/¢ and z/c+z for the same 
t ime level. 
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Figure 4. Input parameters used in the numerical example. 
the  cursor  to  the  appropr ia te  cell  and  typ ing  the  va lue .  For  example ,  i f  g(x, y, z)  = s in  2x ,  move 
the  cursor  to  cel l  G2  and  type  the  fo rmula :  @SIN(2*x) .  
5.  SAMPLE SOLUTION 
The numer ica l  so lu t ion  for  a sample  three-d imens iona l  t rans ient  so lu t ion  w i th  M - 10 gr id -  
po in ts  is cons idered .  In  th i s  example ,  the  in i t ia l  temperature  is taken  to  be  
w i th  a s ide  length  a o f  the  cube  o f  2 cm.  To ensure  s tab i l i ty ,  the  t ime-s tep  l needs  to  be  chosen  
so  that  
l l 1 
A =  h- ~= 0.22 _<~.  
Th is  cond i t ion  is sa t i s f ied  when tak ing  l = 0.005. For  th i s  example ,  the  ana ly t i c  so lu t ion  o f  
equat ion  (1) sub jec t  to  the  cond i t ions  (3) and  (8),  is 
T(x,y,z,t)=e -3 ( ' / " )2  ~ s in  a s in  s in  a " (9) 
Equat ion  (9) wi l l  be  used  to  check  the  accuracy  o f  the  resu l t s  obta ined  f rom the  1-2-3 macro .  
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H A B C D E F Q H I J K L 
73 = 1 
74 
75 0 0 0 0 0 0 0 0 0 0 
76 ).076298 0.145128 0.199751 D.234821 0.2448906 ).234821 ::).199751 0.145126 ).076298 0 
77 ).145128 0.276049 0.3799491 D.448857 0.466643 ).4488571 D.37ge49 0.278049 )•145128 0 
70 ).1gg751 0•37g04e 0.5229551 0.61477 0.646406 0.614771 ().522955 0.379949 3.tge751 0 
70 ).234821 0.448657 0.014771 D.722706 0.75ge98 ).7227061 0.61477 0.446657 3.234821 0 
80 ).2Mg0e 0.469lNI3 0.6484081 3.75gN8 0.7gg004 ).75geg61 3.646408 0.4~643 )•2,leg06 0 
81 1234821 0.448657 0.61477 D.722706 0•75g~6 ).7227061 0.01477 0.4M657 ).234821 0 
82 01 ).199751 O.37gG4g 0.5229551 0.61477 0.646406 0.61477 3.522955 0.379949 3.199751 0 
83 3.145128 0.278048 0.3799481 0.446657 0.a,~g643 ).44~571 D.379949 0.276049 ).145128 0 
84 3.076298 0.1451281 0.199751 0.234821 0.24890e ).234821 rl.lg9751 0.145128 3.076298 0 
85 0 0 0 0 0 0 0 0 0 0 0 
86 
87 : = 1.2 
" I 89 0 0 0 OI 0 0 0 0 0 0 0 
90 0 0.072564 0.138024 0.1899741 0.223328 0.234821 ~ :).2233281 0.189974 0•138024 D.07256,1 0 
91 0 D.138024 0.262538 0.3613531 0.424796 0.446657 ~).4247961 0.361353 0.2e2538 D.138024 0 
0.497359 I g2 0 0.18g074 0.381353 0,564881 0.61477 D.58M611 0,49"/'2,~g 0.361353 D.188974 0 
93 0 0 .~ 0•424786 0.564~1 0.687334 0.722700 D.0873341 0.584~1 0.42479~ D.223328 0 
94 0 0.234821 0.44Ub-/ 0.014771 0.7227~ 0 . ~  D.izzlu61 0.61477 0.4466b-/ D.234821 0 
g5 0 O ~  0.424796 0.5648611 0.0873341 0.722708 D.6873341 0.584681 0.4247g~ D. _~n~___ 0 
g6 0 0.18W74 0.381353 0.4g't3~l 0.584881 0.61477 O•Se4M,11 0.497359 0•36135~ 0.18Q974 0 
97 0 0.130024 0.20~1538 0.3613531 0.4247961 0.44ab'7 0.42479el 0.361353 0.2625~ 0.138024 0 
g6 0 2072564 0.138024 0.18g0741 0.2233281 0.234821 3.2233281 0.189974 0.138024 ~.0"/2564 0 
go 0 0 0 OI 0 0 OI 0 0 0 0 
100 
101 : : 1.4 
102 
103 0 0 0 OI 0 0 OI 0 0 0 0 
104 0 0.06172e 0.117411 0.1616021 0•189074, 0.199751 0.18~74l 0.161602 0.117411 0.061726 0 
105 0 0.117411! 0.223328 0.307385, 0.3613531 0.37gg49 0.3813531 0.30"/~ 0.22332~ 0.117411 0 
106 0 0.161602 0.307385 0.4230791 0.497359 0.522955 0.4973591 0.4230791 0.30738~ 0.161602 0 
107 0 0.18gg74 0.361353 0.4g'/~gl 0.584tml 0.61477 0.5846811 0.49735g 0.36135~ 0.18gg74 0 
108 0 0.1gg'/51 0 . ~  0.5229551 00'~4771.5848811 0.646408 0.614771 0522955 0.37994~ 0.199751 • I 0 
log 0 0.18gg74 0.361353 0.4973591 0.81477 0.5846811 0.49"P,..~Sgl 0.36135~ 0.18gg74 0 
110 0 0.161(1012:0.307385 0.4230791 0.497359 0.522955 0.4973501 0.42~79 0.3073~ 0.161802 0 
111 0 0.117411 0.223328 0.3073851 0.361353 0 . ~  0.3613531 0.307385 0 .~ 0.117411 0 
112 0 0.061726 0.117411 0.1610021 0.189974 0.199751 0.18~741 0.161602 0.117411 0.081726 0 
113 0 0 0 OI 0 0 OI 0 0 0 0 
114 
115 ' :  1.6 
116 
117 0 0 0 0 1 0 0 0 1 0 0 0 0 
118 0 0.044847 0 . ~  0.117411] 0.138024 0.145128 0.1380241 0.1~7411 0.(~:)31~ 0.044847 0 
110 0 0.---n65'~-- 0.1(12258 0 .~ i  0.282538 0.27~4g 0.2825381 0.22-~__98_ 0.16225~ 0.0g~5304 0~ 
120 0 0.117411 ~ 0.307'385i 0.361353 0.37gg49 0.3613531 0.307385 O~: , /  0.117411 0 
121 0 0.13~1024 G ~  0.381353 0.424796 0.4460b-7 0.4247961 0.381353 0.26253~ 0.138024 0 
122 0 0.145128 0.270049 0.37gg49 0.44~57 0.469643 0.44(1657 0.37gg49 0.27804~ 0.145128 0 
123 0 0.138024 0.282538 0.3(}1353 0.424796 0.448857 0.424796 0.361353 0•282531 0.138024 0 
124 0 0.117411 0 ~  ,0.3073851 0.361353 0.37g049 0.361353 0.307385 0.22332~ 0.117411 0 
125 0 0.--n~5--~- 0~1(~158 0 .~:  0.262538 0.276049 0.282538 0.223328 0.1622~ 0.065304 0 
128 0 0.044847 0.0(15304 0.117411 0.136024 0.145128 0.138024 0.117411 0.0853~ 0.044847 0 
127 0 0 0 0 0 0 0 0 C 0 0 
128 
129 I: : 1.8 
130 
131 0 0 0 0 0 0 0 0 (~ 0 0 
132 0 0.0235T/ 0.044847 0.061728 0.072564 0.076298 0.072564 0.061726 0.04484~ 0.023577 0 
133 0 0.044847 0.085304 0.117411 0.138024 0.145128 0.138024 0,117411 0.0853G 0.044847 0 
134 0 0.061726 0.117411 0.161802 0.18gg74 0.tg9751 0.18gg74 0.16~tJ02 0.11741' 0.061726 0 
135 0 0.072564 0.1315024 0.18~74 0.223328 0 .~1 0.223328 0.189974 0.13802, 0.072564 0 
138 0 0.0762~ 0.145128 0.199751 0.234821 0.248g0~ 0.234821 0.199761 0.145121 0.076298 0 
137 0 0•072564 0.13t)024 0,180974 0.223328 0.234821 0.223320 0.18gg74 0.13802, 0.072564 0 
138 0 0.061728 0.117411 0.161802 0.189974 0•199~51 0.189974 0.1618021 0.11741' 0.061726 0 
13g 0 0.044847 0.065304 0.117411 0.138024; 0.145128 0.138024 0.117411i 0.0653G 0.044847 0 
140 0 0.023577 0.044847 0.061726 0.072564 0.0762ge, 0.0"/2564 0.061728 0.04484" 0.023577 0 
141 0 0 0 0 0 0 1 0 0 ( 0 0 
142 
F igure  5. Output  of  the  1-2-3 macro  a t  t = 0.03. 
The solution at the time level t -- 0.5 is shown in Figure 5. Three-dimensional p ots of 
this solution at different values of z and t are shown in Figure 6. Finally, for comparison, the 
spreadsheet and analytical results are shown in Figure 7 along with the error. As can be seen, 
both results are in good agreement. The error in the numerical solution is mainly due to the 
accuracy of the explicit method• 
5.1. How to  Run the  1-2-3 Macro  
Enter the macro into a 1-2-3 spreadsheet xactly as it appears in Figure 1 starting at cell ID1. 
Then name the macro "Alt A" by moving the cursor to cell ID1 and using the command "/rnc". 
Enter the input data as shown in Figure 4. Now invoke the 1-2-3 macro by pressing the key 
78 A. KHARAB 
t 1C 
y 0 y 0 0 x 
Temp. d istr ibut ion at z = 1.2 and t = 0.03. Temp. d istr ibut ion at z = 0.6 and t --- 0.04. 
Figure 6. 
................................................................................................................ i ... ~em~ re ........................................... 
t z Y i x i Computed Analytic Error 
0.005:: 1.8 1.8 ~ 1.8 i 0 .028425 0.028436 1.10E-05 
4 
0.01 1.8 1.6 i 1.67 0.099069 0.099145 7.68E-05 
0 .015 i  1.6i  1.4! 1.4i  0.343881 0.344281 4.00E-04 .......................... ~......................... ; .......................... :  ......................... : ................................................................................ 
0.02 i 1.4 i 1.2 ~ 1.2 i 0.63009i 0 .631067 9.77E'04 
.......................... : ......................... i ......................... ~......................... ~i......................... 0 075329:" .............................................. 0 075475 I' 1 46E~"  0.025 i 1.2 i 1.8 i 1.8 | 
.......................... ~ ..................... ~ ..................... i ........................ " ................................................................................. 
0.03 i 1 i 1.8 i 1.8 0.076298 0.076476 1.77E-04 
.............. ~ :~ 'gT  ................... ~:~T ................... i :6" i  .................. "1":6 ........ ° :2~:z9°1 i  " ' ' ' ' ' (~ :~:~8"  ...... 6 : '8"7e '~;~ 
. . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . .  . . . . . . .  
............. i~:i~g'i ................... :i~'iii ................... :i':~i ................... l " : :~T ' " " i~:5~'~i~;~' t " " ' i~ :57~;~/g~ggE '~; i  ........................... ~. ..................... $ ...................... : ..................... :  .................. ; ] ........................ ~ ..................... 
0.05" 1.8" 1.8 1.8" 0 .020302 0.02038 7.88E-05 
Figure 7. Comparison of analytical and spreadsheet solutions. 
"A l t -A ' .  The program will terminate  when t reaches the max imum value allowed, TX.  The 
calculat ions could be repeated in their  ent irety for a different choice of input parameters  s imply 
by enter ing the new values and then running the macro. 
6 .  CONCLUDING REMARKS 
We have shown that  the spreadsheet provides an ideal environment for obta in ing reasonably 
accurate finite-difference solutions of three-dimensional  t ransient heat conduct ion problems. The 
process is very user-friendly. Students m engineering and science can use the program as an 
exper imenta l  tool to become famil iar with numerical  methods.  The spreadsheet method is very 
flexible and can be extended to solve more advanced problems using different numerical  methods,  
which might be of interest for student research projects. 
The author  hopes that  the spreadsheet program used here is sufficiently detai led to enable 
engineers to use spreadsheets for solving their own model  problems. 
The spreadsheet  model  presented here has been developed using Lotus 1-2-3 for Windows. 
The spreadsheet  program can be obtained from the author  by sending him a formated ( IBM or 
compat ib le)  5.25 in. diskette. For Microsoft Excel users, Excel enable you to open 1-2-3 worksheets 
and run the macros that  they contain. 
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